Complete Intersection Toric Ideals of Oriented Graphs and 
Chorded-Theta Subgraphs 



I. Gitler, E. Reyes, J. A. Vega 

Departamento de Matematicas 
Centro de Investigation y de Estudios Avanzados del IPN 
Apartado Postal 14-740 
07000 Mexico City, D.F. 
e-mail: ereyes@math.cinvestav.mx 

Abstract 

Let G = (V, E) be a finite, simple graph. We consider for each oriented graph 
Go associated to an orientation O of the edges of G, the toric ideal Pg - 
In this paper we study those graphs with the property that Pg IS a bino- 
mial complete intersection, for all O. These graphs are called CIO graphs. 
We prove that these graphs can be constructed recursively as clique-sums of 
cycles and/or complete graphs. We introduce the chorded-theta subgraphs 
and their transversal triangles. Also we establish that the CIO graphs are 
determined by the property that each chorded-theta has a transversal trian- 
gle. As a consequence, we obtain that the tournaments hold this property. 
Finally we explicitly give the minimal forbidden induced subgraphs that 
characterize these graphs, these families of graphs are: prisms, pyramids, 
thctas and a particular family of wheels that we call 9— partial wheels. 

Keywords Toric ideal • Oriented graph • Complete intersection • Forbidden 
induced subgraph 



1 Introduction 

Let G = (V,E) be a graph with = q and whose vertex set is given by 

V(G) = {xi, . . . , x n }. An orientation O of the edges of G is an assignment of a 
direction to each edge of G. Let D = Go denote the oriented graph associated 
to an orientation O of the edges of G. In particular if G is a complete graph, Go 
is called a tournament. To each oriented edge e = (x{,Xj) of D, we associate the 
vector v e £ {0, 1, — l} n defined as follows: the ith entry is —1, the jth entry is 1, 
and the remaining entries are zero. The incidence matrix Ad of D is the n x q 
matrix whose columns are the vectors of the form v e , with e an edge of D. The 
set of column vectors of Ad will be denoted by A = {v\, . . . , v q }. 

Consider the edge subring k[D] := k[x Vl , . . . ,x Vq ] C fcfxf 1 , • • • ,x^] of D, where 
V{ = (vj, . . . , vf) and x Vi = • • • Xn ■ Let E(D) = {t\, . . . , t q } be the edge set 



of D. There is an epimorphism of k— algebras given by 

ip: k[ti, . . . ,t q ] — > k[D], where U i — > x Vi , 

and k[t\, . . . ,t q ] is a polynomial ring. The kernel of tp, denoted by Pd, is called 
the toric ideal of D. This ideal has been thoroughly studied in [HJ [SJ [T2]. The 
toric ideal Pd is a prime ideal of height q — n + r, where r is the number of 
connected components of D. Pd is generated by binomials and k[D] is a normal 
domain (see [U[T8]). Thus any minimal generating set of Pd must have at least 
q — n + r elements, by the Principal Ideal Theorem (see pQ). If Pd can be gener- 
ated exactly by q — n + r polynomials it is called a complete intersection. If these 
polynomials are binomials then Pd is called a binomial complete intersection. In 
Section [2] we study the binomials of Pd- In particular, we prove that the primi- 
tive binomials of Pd are the binomials associated to cycles. We also recover the 
result given in [6] that Pd is generated by binomials associated to cycles without 
chords. If two graphs G and H each contain cliques of equal size, the clique-sum 
of G and H is formed from their disjoint union by identifying pairs of vertices in 
these two cliques to form a single shared clique. 

It is known [6j [12] that any graph has at least one acyclic orientation such that 
the corresponding toric ideal is a binomial complete intersection. It is natural 
to ask what is the class of graphs with the property that Pg is generated by 
exactly q — n + r binomials for every orientation O of G. For ease of exposition 
these graphs are called CIO graphs. In the bipartite case a graph G is in this 
class if and only if G is a ring graph (see [6j). Ring graphs are introduced in 
[5], they are those graphs for which their non trivial blocks (blocks that are not 
vertices or bridges) can be constructed as 2— clique-sums of cycles. In Section [3] 
we show that the CIO property is closed under induced subgraphs and we prove 
that G is a CIO graph if and only if its blocks are CIO graphs. 

In Section|3]we introduce the family of chorded-theta subgraphs and their transver- 
sal triangles. In this section we study the graphs G that satisfy: for every chorded- 
theta of G there exists a transversal triangle (V#3A— property). We call this type 
of graphs theta-ring graphs. In Theorem 14.211 we prove that these graphs can 
be constructed as clique-sums of cycles and complete graphs. Furthermore we 
show that they can be obtained as 0, 1, 2— clique-sums of chordal graphs and 
cycles. Theta-ring graphs are closed under induced subgraphs and we obtain 
the corresponding set of minimal forbidden induced subgraphs that characterize 
this family. These minimal forbidden induced subgraphs are: prisms, pyramids, 
thetas and 6— partial wheels (partial wheels that are chorded-theta graphs). 

Our main result in Section [5] is Theorem 15.101 Pg 1S a binomial complete in- 
tersection for every orientation O of G if and only if G is a theta-ring graph, 
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i.e., the CIO property is equivalent to the V# 3 A— property. As a consequence 
of this result, we obtain that Pg ls a binomial complete intersection if Go is 
a tournament. Using the results given in Section [5] and Section [5] we obtain the 
following equivalences: 

G is a G is a theta-ring graph G is obtained by clique-sums 

CIO graph (G has the V6GA-property) of complete graphs and cycles 

In particular, we recover that ring graphs are CIO graphs and that the con- 
verse also holds in the bipartite case. 

The paper is essentially self contained. For unexplained terminology and no- 
tation on graph theory and toric ideals we refer to [31 El HB] . Some references 
for toric ideals associated to graphs (without orientation) are [5j El El [131 EH 

El HF]. 

2 Toric ideals of oriented graphs 

Let G be a graph and consider the oriented graph D = Go associated to an 
orientation O of the edges of G. Let a = (a±, . . . , a q ) € R 9 , the support of a is 
the set supp(a) = {i \ ai ^ 0}. Furthermore a = a + — a_, where a+ and a_ are 
two non negative vectors with disjoint support. We denote by Pjj the kernel of 
the epimorphism of A:— algebras 

tp: k[ti, . . . ,t q ] — > k[D], where U i — > x Vi . 

On the other hand we have the following linear map 

i/j : 7L q — > Z n , where e j i — > Vi , 

i.e., if) is the linear map associated to the incidence matrix Ad of D. If ^ a € 7L q 
we associate to it the binomial t a = t a+ — t a ~ . Notice that a 6 ker(^) if and only 
if t a € Pd- Given a cycle C = {xj 1 , Xj 2 , . . . , Xj k , Xj k+1 = x^) of D, we split the 
edge set of C in two disjoint sets C + and C_, where C + is the set of clockwise 
oriented edges, i.e., C + = {t s £ E(C) | There exists i such that t s = {xj t , Xj i+1 )} 
and C- = C \ C + . Associated to C we have the binomial 

tc= Y[ti- Yl k- 

UeC+ u&C- 

This binomial belongs to Pp. If C + = or C_ = we set f| U = 1 or 

uec+ 

n u = \. 

uec- 
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In this section we study some properties of the binomials in Pjj. In Theorem 
12.21 we prove that if b is a binomial in Pp then, there exists a binomial b' associ- 
ated to a cycle whose monomials divide the monomials of b. Using this result we 
prove that the primitive binomials in Pu are the ones associated with cycles and 
we recover the result in [6] that Pjj is generated by the binomials corresponding 
to cycles without chords. 

Lemma 2.1 Let t a — t@ be a binomial in Pjj with gcd(i a ,i^) = 1. If i £ supp(a) 
and U = (xj 1 , Xj 2 ) then there exist edges t^ and U 2 both different from such 
that Xj ± £ V^t^) and Xj 2 £ V(U 2 ). Furthermore if U 2 = (xj 2 ,Xj s ), then U 2 \ t a 
and if tj 2 = (xj 3 , Xj 2 ) then t{ 2 \ t 13 . 

Proof. Since t a - t p £ P D then 

rt?) ■ ■ ■ <p(t?) = = m = <p{f) = ■ ■ ■ 

where a = (a±, . . . , a q ) and /3 = (/3i, . . . , j3 q ). We can assume that mi and m,2 are 
monomials with gcd(mi, 777.2) = 1- Since t{ = (xj 1: Xj 2 ), we have that (fitf 1 ) = ~~%k 

and oti 7^ 0. If xj 2 | 7774 then there exists an edge t{ 2 such that /3j 2 7^ and 
tp(ti 2 ) = for some Xj 3 . Thus ti 2 = {xj 3 ,Xj 2 ) and ti 2 \ t^ . Furthermore t{ 7^ t{ 2 

because gc d(i a ,t /3 ) = 1. Now, if xj 2 does not divide mi then there exists an edge 
ti 2 such that <f(U 2 ) = with ai 2 7^ and i 7^ %2- Hence, ti 2 = (xj 2 ,Xj 4 ) and 
ti 2 I t a , so Xj 2 £ V(ti 2 ) and U 2 7^ ti. 

In a similar form we prove that there exists an edge t^ different of ti such that 
x h £ V(t h ). □ 

Theorem 2.2 If 7^ t a — t" £ Pd then there exists a cycle C such that tc = 

t a> _ t /3' ! t a> I t a md t /3> | ^_ 

Proof. We can suppose that gcd(i°,t^) = 1, otherwise we would have that 
gcd{t a ,tP) = 777. Thus, t a = mi 7 , iP = mt w , gcd(t^,t w ) = 1 and f - t w £ P D . 
We set a = (ai, . . . , a g ) and /3 = (/3i, . . . , /3 9 ). Since t a — t^ 3 7^ 0, then there 
exists 7 such that aj 7^ or /3j 7^ 0. We can suppose that en 7^ 0. By Lemma 
12.11 if Xj x £ V(ti) there exists an edge different to t, such that Xj x £ V(ti) 
and ti x I t a t@ . Now if V(ti x ) = {^ji , £j 2 } then by Lemma 12.11 there exists an 
edge ti 2 different from t^ such that Xj 2 £ V(i l2 ) and U 2 \ t a t^ . We continue with 
this process and we obtain vertices Xj x , Xj 2 , . . . such that {a^* j a?j fc+ i } € E(G). 
We take I = max{i | Xj i 7^ Xj fe for k < i}, then Xj l+1 = Xj 3 for some s < I. 
Therefore C = (xj a , Xj 3+1 ,Xj u xj l+1 = Xj a ) is a cycle in G and by construction 
if tc = t a ' - i? then t a 'tP' I t a tP. But, by Lemma Owe have that t a ' \ t a and 
t?' I t?. □ 
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Definition 2.3 Let C = (yi,y2, ■ ■ ■ ,Vk,Vk+i = Vl) be a cycle of G. C is called 
an oriented cycle in D = Go if (yi,yi+i) G E(D) for i = 1, . . . , k (i.e. C+ = 
or C- = $). Similarly a path L = {yi, . . . , y s ) of G is called an oriented path in 
D if (j/j, j/i-fi) € E(D) for i = 1, . . . , s — 1. If L is a path, we denote by L° the 
path (jj2, ■ ■ ■ , y s ~i), if s = 2 then L° = 0. 

Corollary 2.4 If ^ 1 — G Pd i/ien i/iere exists an oriented cycle C in D. 

Proof. By Theorem 12.21 there is a cycle C such that t c = t a ' - t 13 ' , t a ' | 1 and 
tF | t p . Then t a ' = 1 and C is an oriented cycle of D. □ 

Proposition 2.5 Let /,<7 6e binomials of Pd, such that f = mi — m<i and g = 
mi — m' 2 . If there is no oriented cycle in D and m' 2 | 7712 then f = g. 

Proof. There exits a monomial I such that 7712 = lm' 2 since m' 2 \ m2 ■ On the other 
hand we have that = <p(f) = ip{m\) — <p(l)ip(m' 2 ), then ip(mi) = (p(l)(p(m' 2 ). 
But ip(mi) = f(m 2 ) because g G Pp. Hence, tp(l) = (p(l) and (1 — I) G Pd- 
Using Corollary 12.41 and since there is no oriented cycle in D we have that I = 1 
and f = g. □ 

Corollary 2.6 If ^ t a — t 13 = f in Pd with gc&(t a ,t@) = 1, then there exist 
cycles Ci,...,C r such that t a = t ai ■ ■ ■ t as and t& = t? 1 ■ ■ ■ t^ where t Cl = t a * -t^ 
fori = l,...,s. 

Proof. By Theorem 12.21 there exists a cycle C\ with tc 1 = t ai — t^ 1 such that 
t a _ t a H a' and t /3 _ t p H p' _ gince f = j« - jfi ' m p D then <p(f) = and 

But t Cl G P D then y?(t Ql ) = (pff 1 ). Hence <p(t a ') = (p(f) and fi = t a ' - t? G 
P D . Since gcd(t a ', t?) = 1, if /i = then i a ' = = 1 and f = t Cl . Now, if 
/i / by Theorem 12.21 there exists a cycle C2 with tc* 2 = t 012 — t^ 2 such that 
t a' = t a2 t a" and ^' = tp2tP" m Furthermore t a = t a H a2 t a " , ^ = t^H?" and 
f2 = t a — t 13 G Pd. We continue this process to obtain the result. □ 

Definition 2.7 A binomial t a — W in Pd is called primitive if there exists no 
other binomial t a — t 13 G Pd such that t a divides t a and ir divides t@ . 

Proposition 2.8 The primitive binomials of Pd are the binomials of Pd asso- 
ciated to cycles. 

Proof. Let g = t a — t 13 be a primitive binomial. By Theorem 12.21 there exists 
a cycle C such that tc = t a — t 13 , t a \ t a and t 13 \ t*. But g is primitive 
then g = tc, i.e., g is associated to C. Therefore to obtain the result it is only 
necessary to prove that the binomials associated to cycles are primitive. So, let 
tc = i 7 — t w be the binomial associated to C, then gcd(f, t w ) = 1. Suppose that 
there exists a binomial / = t 7 ' - t w ' G P D such that fi' | t 7 and t w> \ t w . Then, 
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by Theorem 12.21 there exists a cycle C such that tc = i 7 " — t w " , f" \ i 7 ' and 
t w " | t w> . Hence, f*" | f and t w " \ t w , this implies E(C') C E(C). Thus, C" = C, 
tc = tc and tc = f- Therefore tc is primitive. □ 

Proposition 2.9 Pq = (tc I C is cycle of G). 

Proof. First we observe that 

t a H a 2 _ t P H fc = t a 1( ^ t a 2 _ ^2) + ^2(^1 _ jft) 

then t a H a2 - t^ 2 G (t ai - ^,t a2 - Now, if g = t a - t? G Pd then 

by Corollary 12.61 there exist cycles C\ , . . . , C s with td = t ai — tP* such that 
t a = mt a ' = mt ai ■■■t as and $ = mt 13 ' = mt^ ■■■t Ps where m = gcd(i°, t p ). By 
the first observation we have that g = m(t a — t" ) G (£c 15 . . . ,ic* s )- Therefore 
P D = (t c I C is cycle of G). □ 

Lemma 2.10 Let Ci,C 2 be two cycles of D whose intersection is an oriented 
path P. Then C3 = (Ci U C2) \ P° is a cycle and tc 3 G (tc 1 ,tc 2 )- 

Proof. We can assume that C% = (x = xo, x±, . . . , x n = y,yi, ■ ■ ■ , y r2 ,x), C2 = 
(x = x ,xi, ...,x n = y,zi,.. -,z r3 ,x) and C\ n C 2 = P = (x,Xi,. . .,x ri -i,y) 
where (x h x i+ i) G E(D) for i = 0, . . . , n - 1, then C 3 = (C x U C 2 ) \ P° = 
(y, yi , . . . , y r2 , 2, z r3 , . . . , z\ , y). Thus, C3 is a cycle. Without loss of generality we 
can suppose that t.- l+ i = (xi,Xi + \) for i = 0, . . . , r% — 1. Hence, ici = — i^ 1 
and t C2 = t a t a2 -t P2 where a = Ei=Li e i- Furthermore tc 3 = t ai t? 2 - 1 012 t Pl . But 
t Qi^ 2 _ t a H fc = t a n Cl - t a H C2 therefore, t C - A G (t Cl ,t C2 ). □ 

Proposition 2.11 [6] Pd is generated by the set of binomials corresponding to 
cycles without chords. 

Proof. By Proposition 12.91 it is only necessary to prove that if 

C = (X!,X 2 , ... , x s , x s+1 = Xi) 

is a cycle of G and e = {xi,Xj} is a chord of C then, tc G (tc 17 tc 2 ) where 
Ci = (xi,x i+ i, . . . ,Xj,Xi) and C 2 = (xi, . . . , x i: Xj, Xj+i, . . . , x s , xi). But the 
intersection of C\ and C 2 is the edge e then, we obtain the result by Lemma 
I2TTU1 □ 



3 CIO graphs and toric ideals 

Let G be a graph, with q edges and r connected components such that V(G) = 
{xi, . . . ,x n }. For ease of exposition we will say that G is CIO if the toric ideal 
Pgq i s a binomial complete intersection for all orientation O. Recall that this 
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means that Pg ls generated by q — n + r binomials, for every orientation O of G. 
The main technical result in this section is Theorem 13.51 using this theorem and 
lemma 13.71 we prove that the CIO property is closed under induced subgraphs. 
Also we prove that a graph is CIO if and only if its blocks are CIO. 

Recall that if v G V(G), the neighborhood of v is the set Nq(v) = {w G V(G) | 
{v,w} G E(G)}. We take x G V(G), G' = G \ x and O' an orientation of G' . 
If Nq(x) = {xi, . . . ,x s }, then we define the orientation O x of G as follows: set 
E(Go x ) = E{G'q,) U {(x, x\), . . . , (x, x s )}. In the following three lemmas assume 
that E(Gq x ) = {ti, ■ ■ ■ ,t q }, where U = (x,Xi) for i = 1, . . . , s. We denote the 
oriented graph Gq x by D x (i.e. D x = Gq x )- 

Lemma 3.1 Let t a — t@ be a binomial in Pd x - If a = («i, . . . ,a q ) and (3 = 
(/?!, . . . toenail,..., 1,0,..., 0) = /3-(l, . . . , 1, 0, . . . , 0), i.e., £ on = £ A- 

s s 

Proof. We have U = (x, Xi) for % = 1, . . . , s thus, </?(£j) = xix~ l . Hence, <p{t a ) = 
- ™^ and y(t^) = x k2 n i where m\,m2, n\ and n2 are monomials. Also set 
gcd(x,mi) = gcd(x,m2) = gcd(x,ni) = gcd(x,rt2) = 1. Furthermore k\ = 
Ysi=\ on and k 2 = £- =1 A- On the other hand t a -t p £ P Dx then p(^) = </?(t a ). 
Therefore, = and h = a { = V* ft = jfe 2 . □ 

Corollary 3.2 Lei i a — 6e a binomial in Pd x - If there exists a G {1, . . . , s} 
such that t a | t a then there exists b G {1, . . . , s} such that tf, \ t 13 . 

Lemma 3.3 Let f = t a — t" be a binomial in Pd x H k[t s+ \, ... ,t q ]. If B is a 
generating set of binomials of Po x and B' = B n k[t s+ i, . . . ,t q ] then f G (£?') C 
k[t s+ i, ... ,t q }. 

Proof. Set B = {g x }\&- Since P Dx = (B), then f = t a -t^ = £ AgQ fx9X, where 
fx G . . . , t q ]. We evaluate in the equality above t\ = t 2 = • • • = t s = 0. By 
Corollary 

, g\ if g\ G B' 

9\\ 



ti=ta=™=t.=Q | if 5a ^ 

Hence, we obtain / = /| tl=t2= ... =ts=0 = E 9A gB' /'a5a, where /' A = fx\ tl=t2= ... =ts=Q £ 
k[t 8+1 , ...,tg}. Therefore / G (B'). □ 

Lemma 3.4 If G' = G\x is a connected graph then for every ji,j 2 G {1, . . . , s} 
there exists a binomial tj 1 m,j 1 — tj 2 rrij 2 in Pd x with mj 1 ,mj 2 G k[t s +i, ■■■ ,t q ]. 

Proof. We know that tj 1 = (x,Xj x ) and tj 2 = (x,Xj 2 ). Since G' is connected, 
there exists a path Cj lt j 2 in D' = G' , between Xj 1 and Xj 2 . Thus, Cj u j 2 = 
(x,Xj 1 ,Cj 1 j 2 ,Xj 2 ,x) is a cycle in D x and tCj tj = tj x m — tj 2 m' with m,m' G 
k[t s+1 , ...,tg\. Therefore t Cn , 32 G P Dx - □ 
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Theorem 3.5 Let G be a connected graph. If x is not a cut vertex of G and 
G' = G\x is not a CIO graph then G is not a CIO graph. 

Proof. Set \V{G)\ = n, \E(G)\ = q and \E(G) \ E{G')\ = s. Since G' is not a 
CIO graph there exists an oriented graph D' = G'q, associated to an orientation 
O' of G' such that Pjji is not generated by ht(Po') binomials. We take the 
orientation O x of G given by E{Gq x ) = E(G' ,) U {(x,xi), . . . , (x,x s )}, where 
Ng(x) = {xi, . . . ,x s } and D x = Gq x . We can suppose that t. t = (x,X{) for 
1 < i < s, i.e., E{D X )\E{D') = {t u ...,t s }. We take Q = {fi,...J k } a 
minimum generating set of binomials of Pjj x and we define Q' = G(lk[t s+ i, . . . , t q ]. 
By Lemma [331 Pd< = (g \ g G Q') and ht(Po') = (q — s) — (n — 1) + 1. Hence 
\G'\ > (q — s) — (n — 1) + 1. Now, we define the auxiliary graph T~L with V{ri) = 
{ii, . . . ,t s } and 

There exist monomials mi,mj G k[t s +i, . . . , t q ] such that 1 
tiUii — tjrrij G Q or tjrrij — tirrii G Q with i, j G {1, . . . , s} J 

If A = {i;m; - tjrrij G £ | {*i,tj} G #(%)} then |A| = \E(H)\. Also y4 U C Q 
and ^ n Q' = 0. Hence we have that \E(H)\ + |£'| < \Q\. Now, if "H is connected 
then, \E{U)\ > \V(U)\-l = s-l. Furthermore, since \G'\ > (q- s) - (n- 1) + 1, 
then \g\ > (s - 1) + (q - s) - (n - 1) + 1 = q - n + 1 = ht(P Dx ). Thus, P D;c is 
not generated by q — n + 1 binomials. 

Thus, to obtain the result it is only necessary to prove that % is connected. Sup- 
pose, by way of contradiction, that the connected components of ri are ri\ , . . . , ri v 
with p > 1. By Lemma 13.41 there exists a binomial t\mi — tjrrij G Pd x such that 
ii G V(Hi) and G ^(^2)1 where mi,<mj are monomials in k[t s+ i, . . . ,t q ] and 
j G {2, . . . , s}. Recall that each fi € G has the form /j = t ai — where t a \t^ i 
are monomials in fe[tj., . . . , t g ] then, 

A: 

- tj-mj = -t^), with G fc[£i, . . . ,t q ). 

i=l 

If a« = (a\, . . . , a* ) and = (f3{, . . . , /?*), we take a[ = (a\, . . . , a l s , 0, . . . , 0) 
and $ = O3i,...,/^,0,...,0); observe by Lemma EH deg(t<) = deg(t#) for 
i G {l,...,k}. Moreover, a[ = 44> = 0, and in this case, we have that 
(t< -t%)\. ... , = 0. Hence, if we evaluate in the equation above t s+ i = 

\ / l£s-|-l — ■■■ — tq — 1 

■ • ■ = t q = 1, we obtain 

deg(t a i)=l deg(t a 'i)>l 
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where d = gA Furthermore, we can write g\ = ai + Aj with Oj G 

k[ti, . . . , t s ] and Aj G /c, such that if ai ^ then deg(aj) > 0. Thus, 

«i - tj = E A J (^-^)+ 5 / , 

deg(H)=l 

where = E deg( ^ )=1 <h{^ ~ t%) + Edeg(t«i)>i ~ Hence we have 

either deg((/) > 1 or g' = 0. If we suppose deg(g') > 1, then 

ti-tj- E A *(^-^) = </, 

dcg(t a 0=l 

however the left side has degree at most one, but deg(g') > 1, which is a contra- 
diction. Therefore g' = 0, so 

ti-tj= E a^ q U#)= e A L, 2 (*n-^)+---+ E A u,, 2 (*n-^ 2 ), 

de g (t a 0=i {t n A 2 }ei?CHi) {^AjesCHp) 

where Aj = A" i2 if i"* = t^, = ti 2 and {ti 1 ,ti 2 } G E(H U ). In the last equation 
we evaluate ^ = 1 if ^ G V^'Wi) and = otherwise, and we obtain 



1-0= e A u,^( 1 - 1 )+ E A L 2 (°-°)+---+ E A L, 2 (°-°) = 

since t\ G ^("Hi) and tj G V(%2)- This is a contradiction. Therefore % is 
connected. □ 

Definition 3.6 Let G be a graph. A subgraph H of G is a called an induced 
subgraph of G if E(H) = {e G E{G) j e C V(H)}. Furthermore if X C V(G) 
i/ien we denote by [X]q the induced subgraph H of G such that V(H) = X, and 
in this case we say that H is induced by X. 

Lemma 3.7 Let G be a connected graph. If G' is a proper induced connected 
subgraph of G, then there exists x G V(G) \ V(G') such that G\x is connected. 

Proof. Set \V(G)\ = n. If v G V(G) \ V(G'), there exists G v a connected 
component of G \ v such that G' C G v . We define r v = \V(G V )\. Let x be 
the vertex in V(G) \ V{G') with r x maximal. Let Gi,...,Gk be the connected 
components of G\x with G' C Gi, i.e., G v = G\. Hence, |y(Gi)| = r x . Suppose 
that r x < n - 1, then k > 1. Thus, there is y G F(G 2 ) C F(G) \ F(G'). Since 
G is connected, we have x is adjacent to a vertex of G\. Hence [y(Gi) U x]g is 
contained in a connected component of G\y. Then > r x , this is a contradiction. 
Therefore r x = n — 1, k = 1 and G \ x is connected. □ 
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Lemma 3.8 Let G\, G 2 be CIO subgraphs of G, such that G = G\ U G2. If 
\V(Gi) n V(G 2 )\ < 1 then G is a CIO graph. 

Proof. Let D = Go be the oriented graph associated to an orientation O of G 
and Oi the orientation of Gj induced by O. We set Di = (Gj)o 4 . Then for i = 1,2 
there exists a binomial generating set Gi of Pu i such that \Gi\ = qi — rii + ri where 
qi = \E(Gi)\, rii = |V(Gj)| and is the number of the connected components of 
Gi. Since |V(-Di) D V(D 2 )\ < 1, we have that if C is a cycle of D then either 
C C D\ or C C D 2 . Hence, tc G (Gi ^G 2 )- So = Gi U ^2 is a binomial 
generating set of P D . Since E(G 1 ) n £(G 2 ) = then £?i n £ 2 = and 

\G\ = \Gi\ + I & I = (51 + 52) - ("1 + n 2 ) + (n + r 2 ). 

On the other hand |-E(G)| = gi + g 2 and the cardinality of V(G) is 

™ = J ni + n 2 ■rfV(D 1 )nV(D 2 ) = ® 
lV[U)l \m + n 2 -l ii\V(D 1 )nV(D 2 )\ = l 

but if r is the number of components of G then r = n + r 2 in the first case and 
r = n +r 2 — 1 in the second case. Therefore \G\ = \E(G)\ — \V(G)\ + r = ht(Po) 
and G is a CIO graph. □ 

Proposition 3.9 Let G be a graph. G is a CIO graph if and only if its connected 
components are CIO graphs. 

Proof. =>) By induction on |V(G)|. Let G±, . . . , Gk be the connected components 
of G. We can suppose that k > 1. By Lemma [37T1 there exists X{ € V(Gi) such 
that Gi \ Xi is connected, for i = l,...,k. Hence by the induction hypothesis 
the connected components of G \ are CIO graphs. Since this is true for every 
% = 1, . . . , k then G\, . . . ,Gk are CIO graphs. 

<=) It is a consequence of Lemma 13.81 □ 

Corollary 3.10 If G is a CIO graph then every induced subgraph H of G is a 
CIO graph. 

Proof. Assume H is not a CIO graph. By Proposition 13.91 H has a connected 
component H\ such that H\ is not a CIO graph. Let G\ be the connected 
component of G such that H\ C G\. YiG\^ H\ then, by Lemma 13 . 71 there exists 
x\ € V[G\) \ V{H\) such that G\ = G\ \ x% is connected. Furthermore H\ is an 
induced subgraph of G\ thus, if G\ 7^ H\ then, there exists x 2 G V{G\) \ V(H\), 
such that G\ = G\\ x 2 is a connected subgraph and H\ C Gf. We continue with 
this process until we obtain the connected subgraphs G\ = G\ , . . . , G\ = H\ 
such that G\ +1 = G[ \ Xi+\. Since H\ is not a CIO graph by Theorem 13.51 
Hi = G\, . . . , G\, G? = G x are not CIO graphs. Therefore by Proposition EJE G 
is not a CIO graph. This is a contradiction, therefore H is a CIO graph. □ 
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Proposition 3.11 G is a CIO graph if and only if every block B of G is a CIO 
graph. 

Proof. =$■) If B is a block of G then B is an induced subgraph of G. Hence by 
Theorem ECU B is a CIO graph. 

■$=) It is a consequence of Lemma [3~8l □ 

4 Chorded-theta subgraphs and transversal triangles 

In this section we introduce chorded-theta subgraphs, the notion of transversal 
triangles in these subgraphs and theta-ring graphs. In Theorem 14.81 we describe 
the minimal chorded-theta subgraphs without transversal triangles. In this sec- 
tion we prove that theta-ring graphs are closed under 0, 1, 2— clique-sums and 
that chordal graphs are theta-ring graphs. With these results we obtain the main 
result of this section: theta-ring graphs can be constructed by clique-sums of 
complete graphs and/or cycles, or equivalently by 0, 1, 2— clique-sums of chordal 
graphs and/or cycles. Finally we prove that the minimal forbiden induced sub- 
graphs for the characterization of theta-ring graphs are: prisms, pyramids, thetas 
and partial wheels that are chorded thetas. This section is independent of the 
rest of the paper and its techniques are purely combinatorial. 

Definition 4.1 A chorded-theta subgraph T in G is a subgraph induced by three 
paths L\, C2, £3 each between the non adjacent vertices x and y such that V(Ci)n 
V(Cj) = {x,y} for 1 < i < j < 3. The edges that do not belong to any of the 
sets E(C\), E(C2) and E{C%) are called the chords of T . Furthermore if each 
chord ofT has its end vertices in different paths (of C\, C2, C3), then T is called 
a simple chorded-theta subgraph. 

To emphasize that £i,£2 an d £3 are the three paths associated to T we denote 
them by £-i{T) for i = 1, 2, 3. On the other hand we denote by C° the interior of 
A, i-e-, C° = Q\ {x,y}. 

Definition 4.2 Let T be a chorded-theta of G, with C\{T) = (x, x%,... ,x ri ,y), 
C,2(T) = (x, 2/1, ... j y r2 , y) and C^{T) = (x, z±, . . . , z r3 , y). A transversal triangle 
H of T is a triangle in G such that V{H) = {xi,yj, z^} for some i,j,k. 

We define the following sets 6(G) = {T \ T is a chorded-theta of G}, A (G) = 
{T G 9(G) I T has a transversal triangle} and @ C A (G) = 6(G) \ 9 A (G). More- 
over a minimum chorded-theta subgraph T without transversal triangles is a 
subgraph in @ C A (G) such that if T' G @ C A (G) then \V(T)\ < \V(T')\. 

Remark 4.3 If T is a minimum chorded-theta subgraph without transversal tri- 
angles, then T is a simple chorded-theta subgraph. 
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In the following two lemmas we assume that T is a chorded-theta subgraph 
of G with Ci(T) = (x,xi,...,x n ,y), C 2 (T) = (x, yi, . . . , y r2 , y) and £ 3 (T) = 
(x,zi,...,z rs ,y), where \V(T)\ = n + r 2 + r 3 + 2. 

Lemma 4.4 Let T be a minimum chorded-theta subgraph without transversal 
triangles with r\ < r 2 . If{xi,yA is a chord ofT, then (i,j) G {(1, 1), (r\,r 2 )} or 
7*1 = 1. 

Proof. By Remark 14,31 T is a simple chorded-theta. Let {xi,yj} be a chord of 
T. We can assume that r\ > 1. Hence, i < r\ or 1 < i. 

Now, suppose i < r% and take the chorded-theta T\ with £i(Ti) = (a*j, . . . , x ri , y), 
£2(71) = (xi,yj, . . . ,y r2 ,y) and£ 3 (Ti) = (sc*, scj-i, . . . ,x%, x, z\, . . . ,z r3 , y). Since 
T has not chords whose both its end vertices are in C\{T) and T G @%(G), then 
Ti G Q C A (G). Observe that |V(2i)| = \V(T) \ - (j - 1), so by the minimality of 
|V(T)|, we have that j = 1. We will prove that i = 1, by contradiction we will 
assume £ > 1. Thus, we can take the chorded-theta T 2 with £i(T 2 ) = (x,yi,Xj), 
£ 2 (T 2 ) = (x,xi, ...,Xi) and £ 3 (T 2 ) = (x,zi,. . . , z r3 ,y,x ri , . . . ,Xi). Again, since 
T has not chords whose both end vertices are in £i(T) and T G Q A (G), we have 
that T 2 G 6^(G). But |V(T 2 )| = \V(T) \ - (r 2 - 1). Furthermore 1< n < r 2 so 
|V(T)| > |y(T 2 )| which is a contradiction. Therefore i = 1 and = (1, 1). 
Similarly, if 1 < i we obtain that (i, j) = (ri,r 2 ). □ 

Lemma 4.5 Let T be a minimum chorded-theta without transversal triangles 
such that n = 1 and r 2 < r 3 . // t/iere exist chords e±, e 2 o/T wit/i ei = {xi, z Sl } 
and e 2 = {yj,z S2 } then {xi,yj} £ E(G). Moreover (si,j, s 2 ) = (r3,l,l) or 
(si, i,s 2 ) = (l,r 2 ,r 3 ). 

Proof. By Remark 14.31 T is a simple chorded-theta. 

Case (1) s\ < s 2 . Suppose that {2*1, y^} G E(G). Since T G G^(G) then 
{x\,z S2 } ^ -E(G) and z si 7^ z S2 . Thus, we take a chorded-theta T' given by 
£l(T') = (z S2 ,y j ,x 1 ), £ 2 (T') = (z S2 ,. . .,z T3 ,y,X\) and£ 3 (T') = (z S2 ,z S2 _ 1 , ...,z Sl 
Furthermore there is no chord whose both end vertices are in £ 3 (T), hence 
T' G @° A (G). But \V(T')\ = \V(T)\ -SX-T2 + K \V(T)\ which is a contradic- 
tion. Therefore {x±, yj} £ E(G). Now, we consider the chorded-theta T" given by 
C-i{T") = (xi,z sl ,z sl +i,...,z S2 ,yj), C 2 (T") = (xi, x, y u . . . , yj) and £ 3 (T") = 
(xi,y,y r2 ,y r2 -x, . . . ,yj). We have that T" G 9^(G) because there is no chord 
with its both end vertices in £ 2 (T). But \V(T")\ = \V(T)\-( Sl -l)-(r 3 -s 2 ) then, 
si = 1 and r 3 = s 2 because T is minimum. If j ^ r 2 we can take a chorded-theta 
subgraph T'" , where £i(T'") = (yj, . . . ,y ra ,y), C 2 {T"') = (yj, . . . ,y 1 ,x,x 1 ,y) and 
£ 3 (T"") = (yj,z r3 ,y). Thus T'" G @ C A (G) because T is a simple chorded-theta 
together with the fact that T G @ C A {G). But \V(T"')\ = \V(T)\ - (r 3 - 1) hence 
r 3 = 1. Since r 2 < r 3 then r 2 = 1 = j, which is a contradiction. Therefore j = r 2 
and (si,j,s 2 ) = (l,r 2 ,r 3 ). 

Case (2) s 2 < s\. Similarly to the case (1). We obtain that {x\,yj} ^ E{G) and 
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(si,j,s 2 ) = (r 3 ,l,l). 



□ 



Definition 4.6 [V^ 3 A— property] A graph G is called a theta-ring graph if every 
chorded-theta of G has a transversal triangle, in this case we say that G has the 
V# 3 A — prop erty. 

Remark 4.7 G is a theta-ring graph if and only if Q A (G) = 0. 

Theorem 4.8 Let G be a graph. IfGis not a theta-ring graph then there exists a 
chorded-theta T inG where C\(T) = (x,x\, . . . , x ri , y), C 2 (T) = (x, y\, . . . , y r2 , y), 
Cs(T) = (x, z±, . . . , z T3 , y), with 1 < r± < r 2 < r% such that T satisfies at least 
one of the following conditions: 

(1) The chords of T are contained in {{yi, z\}, {y r2 , z r3 }} . 

(2) r\ = 1, and the chords of T are contained in {{x\,z r3 },{y\,zi}}. 

(3) ri = 1, and the chords of T have the form {xi,Zj} for some j. 

(4) r\ = \, r% = 1 and the chords of T have the form {xi,y\} or {x±,Zj} for 

some j. 

Proof. Since 0^(G) ^ 0. We can take a minimum chorded-theta T with- 
out transversal triangles. Thus, T is a simple chorded-theta. Let C\(T) = 
(x,xi,... ,x ri ,y), C 2 (T) = (x,yi,...,y r2 ,y) and C^(T) = (x, z\, . . . , z n , y) with 
1 < n < r 2 < r 3 . We can suppose that \£i(T)\ < \£i(T')\ for all V G @ C A ( G ) 
such that |y(T')| is minimum. Also we assume that if |£i(T)| = |£i(T')| then 

|£ 2 (r)| < |£ 2 (r')|. 

Now, we suppose that T does not satisfy property (1). Hence, there exists a 
chord of T with one of the possible forms: {xi,yj} or {xi,Zj} or {yi,Zk}, where 
(i,fc)^{(l,l),(r2,r 3 )}. 

First case, we suppose that there exists e = {yi, Zk} a chord of T, where (i, k) ^ 
{(1,1), (r 2 ,r By Lemma 14.41 we have that r 2 = 1 and i = 1. Now, since 
r i < r 2 then n = 1. So, by Lemma 14.51 if there exists {xi,Zj} € E(G) then 
{x\,yi} £ E(G) and k) = (r 3 ,l,l) or (j,i,k) = (1,1, r 3 ). Thus, we would 
be in case (2). Now, if {x\, Zj} ^ E(G) for every j then the chords of T have the 
form {xi,y{\ or {yx,Zj}, and we are in case (4). 

Second case, suppose there exists a chord e of T such that e = {xi,yj} or 
e = {xi,Zj}. We will prove that n = 1. We argue by contradiction, as- 
sume that n > 1 and e = {xi,yj}. By Lemma 14.41 we have that G 
{(1, 1), (ri, T2)}. We can suppose that = (ri,r 2 ) and take the chorded- 

theta graph T\ where C\(T\) = (x,X\,..., x ri ), C 2 (T{) = [x, y\, . . . , y r2 ,x ri ) and 
£ 3 (Ti) = (x, Z\, . . . , z rz ,y, x n ). Since T is a simple chorded-theta and T € @ C A (G) 
then Ti G @ C A {G). But \V(T)\ = |V(Ti)| and |A(2i)| = - 1, which is a 

contradiction. The same result is obtained if e = {xi, Zj}. Hence, we obtain that 
r\ = 1. 
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Now, we will prove that if there exists a chord e' of T such that e' = {xi,y u } then 
T satisfies (4). First we will prove that r2 = 1. Again we argue by contradiction, 
assume r-i > 1. Hence, u > 1 or u < r%. Without loss of generality, take u > 1 and 
consider the chorded-theta T<i where C,\^T-i) = (x, xi, y u ), £2(^2) = (ar, 3/1 , ... , y u ) 
and £3^2) = (x, zx> • • • , z r 3 ,y, Vr 2 i ■ ■ ■ 1 Vu)- Since T G Q C A (G) and there are not 
chords in £ 2 (T 2 ), then T 2 G 8^(G). But |F(T)| = \V(T 2 )\, \d(T)\ = |£i(T 2 )| 
and I £2 CO I > |jC2(^2) I j which is a contradiction. Thus, r\ = r 2 = 1 and 
e' = {xi, yi}. Suppose T does not satisfy (4) then there must exist e±, e 2 G -E'(G) 
such that ei = {xi, Zj x } and e2 = {yi, Zj 2 }. But, by Lemma l4"3j {xi,y±} ^ E(G). 
This is a contradiction. Hence, T satisfies (4). 

Now, we can assume that T does not have a chord of the form e 1 = {x\,y u } then 
e = {x\, Zj}. Suppose T does not satisfy (3), then there must exists = {yi,Zk}- 
By Lemma l4~5| (j,i,k) G {(7*3, 1, 1), (l,r 2 ,r3)}. Therefore T satisfies (2). □ 

Definition 4.9 A partial wheel W is a graph where V(W) = {z, z±, . . . ,Z)-} such 
that C = (zi, . . . , Zk, Z\) is a cycle in W and the edges of W are the edges of C 
and some edges between z and vertices of C . C is called the rim of W and z is 
called the center ofW . 

A prism is a graph consisting of two vertex- disjoint triangles C\ = {x\,X2,x^,xi) 
and C2 = (yi, 2/2) 2/3) Ui)> an d three paths L\,L2,L^ pairwise vertex- disjoint, such 
that each Li is a path between Xi and yi for i = 1,2,3 and the subgraph induced 
by V(Li) U V(Lj) is a cycle for 1 < i < j < 3. 

A pyramid is a graph consisting of a vertex w, a triangle C = (z\, Z2, z%, z\), 
and three paths P\,P%,Pz, such that: Pi is between w and z% for i = 1,2,3; 
V(Pi) fl V(Pj) = {w} and the subgraph induced by V{Pi) U V(Pj) is a cycle for 
1 < i < J < 3; and at most one of the P\,P2,P3 has only one edge. 
A theta is a graph consisting of two non adjacent vertices x and y, and three 
paths P, Q, R with ends x and y, such that the union of every two of P, Q, R is 
an induced cycle. 

Detecting prisms, pyramids and thetas has been widely studied, for example see 
[21 [10] and their references. 

Definition 4.10 A partial wheel T with rim C and center z is called a 9— partial 
wheel if \V(C)\ > 4 and there exist two non adjacent vertices in V(C) n Nt{z). 

Remark 4.11 A theta is a chorded-theta without chords. Furthermore, ifW is 
a partial wheel then W is a 9— partial wheel if and only if W is a chorded-theta. 

Corollary 4.12 T is a minimal forbidden induced subgraph for the class oftheta- 
ring graphs if and only if T satisfies at least one of the following conditions: 

a) T is a 9— partial wheel. 

b) T is a prism, pyramid or theta. 
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Proof. First we will prove that if T satisfies a) or b) then, T is a chorded-theta 
graph without transversal triangles and T does not contain a proper chorded- 
theta subgraph. 

If T satisfies a) with rim C = (z±, z 2 , ■ ■ ■ , z ri , z{) and center z then, there exist 
Zi,Zj S Nt{z) where {zi,Zj} ^ E(T). We can suppose that i < j then, T 
is a chorded-theta graph with the paths £i(T) = (zi, Zi+i, ■ ■ ■ , Zj), C 2 {T) = 
(zi, z, Zj) and C 3 (T) = (z{, z%-\, . . . ,Zi, z ri , z ri -i, . . . , Zj). Furthermore, since C 
does not contain chords then T is a chorded-theta without transversal triangles. 
On the other hand if T' is a chorded-theta subgraph of T, then one terminal 
vertex is in C. Thus, one path of T' has the form (zi 1} z, Zj x ) with {2^,2^} ^ 
E(T) and %\ < j\. Hence, the others paths of T' are (z^, . . . , Zj x ) and 
(zi 1 ,Zi 1 -i,...,zi,z ri ,z ri -i,... 1 Zj 1 ). Therefore V(T) = V(T') and T = T' . 
Now, if T is a prism then, T is a chorded-theta with C\{T) = (a?x, X2, L2, 2/2)) 
C 2 (T) = (xi,L 1 ,y 1 ,y 2 ) and C 3 (T) = (xi, x 3 , L 3 , y 3 , y 2 ). Furthermore T has only 
two chords, then T does not contain transversal triangles. On the other hand, 
if T' is a chorded-theta in T then, the terminal vertices are X{ and yj for some 
i,j G {1,2,3}. Since Xi and yj have degree at least three in T", we have that 
y(r') = V(T) and T' = T. 

If T is a pyramid then, we can suppose that \E(P\)\ > 2 and T is a chorded-theta 
with C\{T) = (zi,Pi,w), C 2 (T) = (zi,z 2 ,P 2 ,w) and C 3 (T) = (z%, z 3 , P 3 ,w). 
Additionally T has only one chord then T does not contain transversal triangles. 
Furthermore if T' is a chorded-theta in T then the terminal vertices are z% and w 
for some i € {1, 2, 3}. Since z% and u; have degree at least 3 in T', we have that 
V(T) = V{T) and T 1 = T. 

Finally, if T is a theta graph it is clear that T is a minimal chorded-theta graph 
without transversal triangles. 

Now, to obtain the result is only necessary to prove that if T satisfies (1), (2), 
(3) or (4) of Theorem 14.81 then T satisfies a) or b). 

Case T satisfies (1). If T has less than two chords and T is neither a pyramid 
nor a theta, then r 3 = 1 and r 2 = r\ = 1. Thus, T satisfies a). Now, we can 
suppose that T has exactly two chords. If r 2 > 2 then T is a prism. Furthermore 
if r 2 = 1 then T satisfies a). 

Case T satisfies (2). If T has less than two chords, and T is neither a pyramid 
nor a theta then r 3 = 1 and r 2 = 1. Hence, T satisfies a). Now, we can suppose 
that T has exactly two chords. If r 3 > 2 then T is a prism. Furthermore if r 3 = 1 
then r 2 = r\ = \ and T satisfies a). 

If T satisfies (3) or (4) then T satisfies a). □ 

Definition 4.13 Let Gi,G 2 be graphs such that G = G\ U G2, if = Gi fl G 2 . 

If K is a complete graph with \K\ = k, then G is called the k— clique-sum (or 
clique-sum) of G\ and G 2 in K. 

Remark 4.14 Let rj be the number of connected components of G{ for i = 1,2. 
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If G is 0— clique-sum of G± and G2 then the number of connected components of 
G is n + r2- 

In our definition of clique-sum we do not allow to delete any of the edges of 
K. 

Proposition 4.15 The clique-sum of theta-ring graphs is a theta-ring graph. 

Proof. Let G\ and G2 be theta-ring graphs. We assume that G is a k— clique- 
sum of G\ and G 2 . We can suppose that G = G\ U G2 (i.e., Gi,G2 Q G) 
and Gi (1 G2 = K where K is a k— complete subgraph of G. By contradiction 
suppose that G is not a theta-ring graph. Hence, there exists a chorded-theta H 
(of G) without transversal triangles, where C\(H) = (x,x±, . . . ,x ri ,y), C2{H) = 
(x, yi, . . . , y r2 , y) and C${H) = (x, z\, . . . ,z r3 ,y). We can assume that H is a 
simple chorded-theta. Since {x,y} £ E(G) then {x,y} n (G1AG2) / 0, where 
G1AG2 is the symmetric difference. Thus, without loss of generality we can 
assume that x G V(G{) \ V(G 2 ). If y G V(G 2 ) \ V(Gi) then £°(P) n K ^ 
for i = 1,2,3. But i"C is a complete graph then H has a transversal triangle, 
which is not possible so y G V(G±). On the other hand G\ is a theta-ring graph 
then, V(H) is not contained in V(G\). Hence, there exists w G V(ff) such that 
t« G VXG2) \ ^"(Gi). We can suppose that w G Ci(H), i.e., w = Xi for some 
1 < i < n. Since H is a simple chorded-theta then, L\ = (x,xi, . . . ,Xi = w) 
is a path between G\ \ G2 and G2 \ G\. Furthermore K is a cutset then there 
exists Xi x G V^(Li) n F(-K") with i\ < i. On the other hand if y G V(K) then 
{y, x^} G E(G) but this is not possible because H is a simple chorded-theta. 
Thus, y G V{Gi) \ V(G2) and L 2 = (w = Xi,Xi + ±, . . . ,x ri ,y) is a path between 
G\ \ G2 and G 2 \G\. Hence, there exists Xj 2 G V(Li2) H V(if) with z < *2- Since, 
Sjpijj G V(if) then {x^x^} G E[G). This is a contradiction, because i7 is a 
simple chordad-theta. □ 

Lemma 4.16 Let G be a 2— connected graph and let H be an induced connected 
subgraph of G with \V{H)\ > 2. If x G V(G) \ V(H) then there exist paths L\ 
and L2 between x and H such that V(L±) n V(L,2) = {x}, V(Li) n V(H) = {di} 
for i = 1,2, and a\ ^0,2- 

Proof. Let y be a vertex in H. Since G is 2— connected graph there exist paths 
P L = (x = xi, x 2 , . . . , x si = y) and P 2 = (x = y\, y 2 , . . . , y S2 = y) between x and 
y, such that V(Pi) D V(P 2 ) = {x,y}. We define j\ = min{/c | x k G and 
]2 = min{/c I G V(i/)}. If x^ 7^ yj 2 we can take L\ = [x = X\,X2, ■ ■ ■ ,Xj x ) 
and L2 = (x = yi,y2, ■ ■ ■ ,yj 2 ). Hence, we can assume that Xj t = yj 2 , but 
V{Pi) fl F(P 2 ) = {x,y} then x h = y h = y. Since \V(H)\ > 2 thus there must 
exist a G V(H) \ {y}. Furthermore G is 2— connected so G \ y is connected, and 
there exists a path P3 = (x = zi, . . . , z S3 = a) between x and a in G \ y. Now, we 
take fei = max{fc | z k G V(Pi) U V(P 2 )}, k 2 = min{fc | k > k\ and z fc G V(H)}. 
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We can suppose that z kl € V(P\) and z kl = x^. Finally we take L\ = (x = 
xi,... ,x h = z kl ,z kl+ i, ■ ■ -,z k2 ) and L 2 = P2. □ 

Definition 4.17 Let C be a cycle without chords. C is called a hole if C is not 
a triangle. 

Lemma 4.18 Let G be a theta-ring graph with a hole C. Let x be a vertex of G 
such that x ^ V{C). If there exist paths P\ and P2 between x and C such that 
V(P 1 )nV(P 2 ) = {x} withV(Pi)nV(C) = { yi }fori = 1,2 then, { yi ,y 2 } € E{C). 
Furthermore if P is a path between x and C with V(P) n V{C) = {y} then 
V € {yi,2/2>- 

Proof. Set C = {x\,x 2 , ■ ■ ■ ,x k = x±) where x\ = 2/1 and y 2 = x s . By way of 
contradiction, suppose that {2/1,2/2} ^ E(C). Thus, there exists a chorded-theta 
H of G with Ci(H) = (y 1 , Pi, x, P 2 , y 2 ), C 2 (H) = (y x = x 1 ,x 2 ,...,x s = y 2 ) 
and Cz{H) = {y\ = xi, x k , Xf.-i, ■ ■ ■ , x s = y 2 ) but C does not have any chord 
then, H has no transversal triangles. Hence, {2/1,2/2} & E(C). Now, if P = 
(y = zi, z 2 , . . . , z S2 = x) is a path between x and C with V(P) n V(C) = {y}, 
we will prove that y € {2/1,2/2}- By way of contradiction suppose that y 
{Vi,V2}- We take k 3 = min{i | z, t G V(P X ) U V(P 2 )}, but y £ V(Pi) U V{P 2 ) so 
^3 > 1. We can suppose that z k3 € V(P\). Set Pi = (wi = y%, w 2 , ■ ■ ■ , w si = 
x) and z ka = ioj. Thus, there exist paths L\ = (2/1 = w\, w 2 , . . . , wi = z k3 ), 
L 2 = (y = z 1 ,z 2 ,...,z k3 ) and L 3 = (y 2 ,P 2 ,x = w Sl ,w Sl - 1 ,...,wi = z k3 ) such 
that V(Li) n V(C) = {2/1}, V(L 2 ) n V(C) = {y} and V(L 3 ) n V(C) = {y 2 }. 
Then, {y, 2/1}, {y, 2/2} £ E(C)> but {2/1,2/2} G -^(C) an d C is a hole, which is a 
contradiction. Therefore, y £ {2/1, 2/2}- D 

Definition 4.19 ^4 graph is chordal if each of its cycles of length at least 4 has 
a chord. 

Proposition 4.20 \1$ Chordal graphs are exactly the graphs that can be formed 
by clique-sums of complete graphs. 

Theorem 4.21 [V#3A] Let G be a graph. The following conditions are equiva- 
lent: 

i) G is a theta-ring graph (i.e., 0^(G) = 0). 

ii) G can be constructed by 0, 1, 2— clique-sums of chordal graphs and/or cycles. 

hi) G can be constructed by clique-sums of complete graphs and/or cycles. 

iv) G does not contain as induced subgraph any graph from the following fam- 
ilies: 

a) 9— partial wheels. 

b) Prisms, pyramids and thetas. 
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Proof, i) iv) By Corollary 14.121 

iii) =/-) i) Complete graphs and cycles are theta-ring graphs (since, they do not 
contain chorded-thetas) . Then we finish by Proposition 14.151 

ii) =>) iii) Suppose that G can be constructed by 0, 1, 2— clique-sums of H\, . . . , H s , 
where each Hi is a chordal graph or cycle. If s = 1 then, G is a cycle or chordal 
graph. Hence, G satisfies iii) by Proposition 14.201 Now, we can suppose that 
s > 1 and we take G' the induced subgraph obtained by 0, 1, 2— clique-sum of 
Hi, . . . , H s -x such that G is the j— clique-sum of G' and H s where j € {0, 1, 2}. 
Furthermore \V(G') D V(H S )\ < j. By induction hypothesis we have that G' 
can be constructed by clique-sums of Li, . .. ,Li t , where each Lj is a cycle or a 
complete subgraph of G' . If H s is a cycle then we obtain the result. Hence, 
we can assume that H s is a chordal graph. Thus, by Proposition I4.20( we 
have that H s can be constructed by clique-sums of the complete subgraphs 
Ki,K 2 , ■ ■ -,K h . Since \V(G') n V(H 8 )\ < j we can suppose that G'nff s C K u 
for some u 6 {1, ...,£2}- Therefore G can be constructed by clique-sums of 
Li, . . . , L^jKujICu+i, . . . , Ki 2 ,K u -i, . . . , K%. 

i) =>) ii) By induction on |V(G)|. We can suppose that |V(Cr)| > 1. Let 
Bx,...,B s be the blocks of G. If s > 1 then by induction hypothesis Bi,...,B s 
satisfy ii). But G can be obtained as or 1— clique-sums of its blocks so G satis- 
fies ii). Thus, we can assume that s = 1 and G = B\. We can suppose that G is 
not a chordal graph. Thus, G has a cycle C without chords such that C is not a 
triangle, i.e., C is a hole. Since G is a block we have that G is 2— connected. Set 
C = (x±, . . . ,Xk,%k+i = %l) and we define 



Ci 



x £ V(G\C) 



There exist paths L X ,L' X between x and C such that 

v(L x ) n v{V x ) = {x}, v(L x ) n v(C) = { Xl } 

and V(L' x )nV(C) = {x i+1 } 



for i = 1, . . . , k. We will prove that C±, . . . , is a partition of V(G \ C). By 
Lemma 14.161 if x € V(G \ C) then there exist paths L\ and L2 between x and 
C, such that n V{L 2 ) = {x} and V(L t ) n V(C) = for i = 1,2 with 

yi ^ U2- Hence, by Lemma 14.18} {2/1,2/2} G E{C). Thus, there exists i € 
{1, . . . , k} such that Xi = y% and 7/2 = Xj„i or 7/2 = ^i+l- So, x € V(Ci) or x € 
V(Ci_i). Therefore V(G\C) = U? =1 V{Ci). Now, we take z e y(C J )ny(C i ) with 
2 7^ j. By Lemma T4.181 we have that {xi,Xi + \} C and {xj, Xj + {\ C 

{xj,Xj + i}. Then, i = j which is a contradiction. Hence, V(Q) D V((7j) = and 
V(Ci), . . . , V(C r ) is a partition of V(G \ C). Let Gj be the subgraph induced by 
V{Ci) U {xi, x i+1 }. By the definition of Q we have that V(L X ) U V(L^.) C V(Gi) 
for x G V(Cj), so Gj is 2— connected, and by the induction hypothesis Gj can 
be obtained as 0,1,2-clique-sums of chordal graphs and cycles. We define B\ 
as the 2— clique-sum of G and G\ at the edge {xi,X2}. Now, we will construct 
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successively -Bj+i as the 2— clique-sum of Bi and Gi + \ at the edge {xj+i, x^} for 
i = 1, . . . , k — 2. But -Bfc-i = G therefore G can be constructed as 0, 1, 2— clique- 
sums of chordal graphs and/or cycles. 

□ 

5 CIO graphs and theta-ring graphs 

In this section we prove that the CIO property is closed under 0, 1, 2— clique- 
sums and that the chordal graphs are CIO graphs. In particular, we prove that if 
D = Go is a tournament, then Pjj is a binomial complete intersection. Also we 
prove that prisms, pyramids, thetas and 6— partial wheels (the forbidden induced 
subgraphs given in Corollary I4.12P are not CIO graphs. The main result in this 
section is the equivalence between CIO graphs and theta-ring graphs. 

Definition 5.1 A oriented complete graph is called a tournament. 

Proposition 5.2 fllf If D n = {K n )o n is a tournament, then D n has a Hamil- 
tonian oriented path. 

In the following result we will assume that: O is an orientation of G and x is a 
vertex of G with Nq(x) = {xi, . . . , x ri } such that P = (a?i, . . . , x ri ) is an oriented 
path in D = Go, i.e., (xj,Xj + i) G E(D) for j = 1, . . . , n — 1. 

Lemma 5.3 Let O' be the orientation of G' = G \ x induced by O. If Ci = 
(x,Xi,x i+ i,x), then P D C (P D , U {t Cl ,- ■ ■ ,ic ri _i}), where D' = G ' > ■ 

Proof. For 1 < i < j < r%, we take the cycle Cj,- = (x,Xi,Pij,Xj,x) where 
Pij is the oriented subpath of P that joins x% and Xj. First we will prove that 
td 3 € (*Ci) • • • >*C n _i) by induction on j — i. If j — i = 1 it is clear. Using the 
induction hypothesis we have that tc i] _ 1 € (*C?u • • • , tc r x )- Thus, by Lemma 
12.101 we have that t Citj G (tdj^^o^j- Therefore t ClJ G (td, ■ ■ ■ ,tc ri -i)- 
Let C be a cycle without chords of D. If x ^ V(C) then C C D' and £c G 
Pq/. Now, if x G V(C) then C = (x, Xj 1 , L, Xj 2 , x) where 1 < j\ < j% < 
r\ and L is a path between Xj 1 and Xj 2 in D. Since, C is a cycle without 
chords then, V(L) D Ng(x) = {xj 1 ,Xj 2 \. On the other hand we take the cy- 
cle C" = (xjj, L, x j2 , Pj lt j 2 , Xj x ) then, C" C JD' and tc G Pq/. By Lemma 
12.101 we have that t c G (tc>,tc itj )- Furthermore tc id G (td, ■ ■ ■ >*C ri -i) then, 
*C G (Pp', td,- ■ ■ ,tc n -i)- Therefore Pd C (P d , U • • • ,*C ri _i}), by Propo- 
sition [2TTT1 

□ 

Definition 5.4 Lei G be a graph. A simplicial vertex x is a vertex such that the 
induced subgraph obtained from Nq(x) in G is a complete graph. 



19 



Proposition 5.5 J^y If G is a chordal graph then, G has a simplicial vertex. 

Theorem 5.6 If G is a chordal graph then G is a CIO graph. 

Proof. By induction on |V(G)|. By Proposition 13.91 we can suppose that G is 
a connected graph. Since G is chordal there exists a vertex x in G such that 
x is a simplicial vertex. Thus, if K is the subgraph induced by Nq(x), then 
K is a complete graph and G' = G \ x is a connected subgraph of G. We 
can suppose that Nq(x) = {xi,...,x s }. Let O be an orientation of G and 
D = Go- By induction hypothesis G' is CIO, hence if O' is the orientation of 
G' induced by O and D' = G'q,, then there exists the binomial generating set 
Q' of Pjji with \Q'\ = (g — s) — (n — 1) + 1. On the other hand, by Proposition 
15.21 there exists a Hamiltonian oriented path P of K. We can suppose that 
P = (xi, . . . , x s ). We take the triangle Ci = (x, Xi, Xj+i, x) for i = 1, . . . , s — 1 
and £ = £/' U {ten • • • )*c s _i}- Hence, by Lemma 1531 Q is a generating set of Pd 
and \Q\ = q — n + 1. Therefore G is CIO. □ 

Corollary 5.7 If D is a tournament, then Pd is a binomial complete intersec- 
tion. 

Proof. Since D is a tournament then D = Kq where K is a complete graph. 
Thus K is a chordal graph and by Theorem 15.61 K is a CIO graph. Therefore Pd 
is a binomial complete intersection. □ 

Proposition 5.8 Let G\, G2 be two connected graphs and let G be the 2— clique- 
sum of G\ and Gi- If G\ and G2 are CIO graphs then G is a CIO graph. 

Proof. Let O be an orientation of the edges of G and let Oj be the orientation 
of the edges of Gi induced by O, for i = 1,2. If |V(Gj)| = ni and \E(Gi)\ = qi, 
for i = 1,2, then there exists a set Bi with qi — nj + 1 binomials such that Bi 
generates Pd^ where Di = (Gi)o t - Since G is the 2— clique-sum of G\ and G2 
then \E(G)\ = q\ + q2 — 1 and |V(G)| = ni + n 2 - 2. If C is a cycle without 
chords of D then V(C) C V{D{) or V(C) C V(D 2 ). Hence, i c € (#i U £ 2 ) and 
by Proposition 12.111 we have that B\ U B2 is a generating set of Pg • But 

2 

|Bi U S 2 | = ^{qi -m + l) = ( qi + q 2 - 1) - (m + n 2 - 2) + 1 = ht(P Go ). 

i=l 

Therefore G is CIO. □ 

If L = (ti 17 ti 2 , . . . ,ti g ) is an oriented path in D = Go, we denote by ti the 
product of the edges of L, i.e., ti, = t^t^ ■ ■ ■ ti 3 . 

Proposition 5.9 Prisms, pyramids, thetas and 9— partial wheels are not CIO 
graphs. 
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Proof. Case (a). T is a partial wheel where V(T) = {x±, . . . , x m , x} with center 
x, rim C = (xi,x 2 , ■ ■ ■ ,x m ,xi), and N T (x) = {xj 1} . . . ,x jk }. 
First subcase, if k > 4 we take T = Tq with acyclic orientation O given into 
Figure [U 

91 = h — Mli 

92 = H - htL 2 

9i = ti+l — UtLi 

9k-3 = tk-2 — *fc-3*L fe _ 3 
9k-2 = tk-2 - tk-ltL k _ 2 
9k-l =tk — tk-ltL k _ 1 
9k = tk — htL k 

9k+l = tL k „ 2 tL k ~t Ll --- tL fc _ 3 iL fe _! 

Figure 1: Acyclic orientation of the partial wheel T with k > 4, and the equations 
of its chordless cycles 

We have that ht(P-7-) = k. Let Q = {fi, . . . , f s } be a minimum binomial set of 
generators for Pj-. Since there are no oriented cycles in T and using Corollary 
12,41 then, there is no binomial having as a monomial 1. Since <?j G Pj- then, there 
exists a binomial f\ i G Q such that fi { has as a monomial ij for % = 2, . . . , k — 2 and 
i = k. Without loss of generality we can suppose that U = i for i = 2, . . . , k — 2 
and Ik = k — 1. Observe that if C is a cycle of T and E(C) f) E(Li) ^ then 
E{Li) C E{C). We will use this observation in the rest of the proof. 
By the form of 9k+i there exists a binomial fj G with a monomial that divides 
*L fc _2*-L fc - We can suppose that fj = t a i - and t a i\tL k _ 2 tL k - By Theorem [231 
there exists a cycle C\ such that the monomials of tc x = t a j — t^i divide the 
monomials of fj. First we prove E{Lk) C E(C\). Suppose that it is not true, 
then E(L k ) n E(d) = 0. Hence, E(L k - 2 ) D £(Ci) ^ and E(L k - 2 ) C £7(Ci). 
Furthermore since t a j\t Lk _ 2 tL k then, ^ #(Ci) and E(L k -i) C E{C{). But 
E(Lk) n E{C\) = then, G E{C\) and tfc|* aj - This is a contradiction because 
£/s does not divide th k _ 2 tL k - Therefore E(Lk) C E(C\). Now, we prove that 
x ^ E{C\). Suppose x G E(C\), we take the minimal ij. = min{i G {1, . . . , k} \ 
U G E{Ci)}. Thus, U*Li^(^i) C #(Ci) and t h \t a 'i . But this is not possible 
because does not divide tL k _ 2 tL k - Hence, x ^ E{C\) and Ci = T\x. Therefore 
tc ± = gk+i- Using Proposition 12.51 we have that fj = gk+i- Furthermore fj ^ fi 
for % = 2, . . . , k — 1, then we can suppose that j = 1. 

On the other hand by the form of 9k-\ there exists a binomial fj x G Q with a 
monomial that divides tk~\th k ^- By Theorem 12.21 there exists a cycle C 2 such 
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that the monomials of tc 2 = t ajl — t^ jl divide the monomials of fj. We can 
suppose that t a h \t k ^\tL k _ v Suppose E(L k _i) n E(C 2 ) = then t k _\ G E(C 2 ) 
and E{L k _ 2 ) C E(C 2 )- Thus, tL k _ 2 \t a ^ which is not possible because ti k _ 2 does 
not divide t k ^ x t Lh _ x . So, E{L k _{) n E(C 2 ) ± and E{L k _ L ) C E(C 2 ). Now, we 
prove that G E(C 2 ). If ifc-i ^ £(C 2 ) then E{L k - 2 ) C E(C 2 ). Furthermore, 
E(L k _ 3 ) C -E(C 2 ) or t fc _ 2 G E(C 2 ). Hence, tL fc _ 3 |i a « or tfc_ 2 |t aj ' 1 • But this is not 
possible, then G J5(C 2 ). Now, t fc G £(C 2 ) or £?(L fc ) C E{C 2 ). If i fc G £(C 2 ) 
then C 2 = (£&_!, L k _i, t k ) and = —g k ^\. For the other case, if E(L k ) C E(C 2 ) 
then C 2 = (t fc _i,L fc _i,L fe ,ti) and tc 2 = *fc-i*z, fc _i - = 9k ~ 9k-i- In 

both cases, by Proposition 12.51 we have that = icv Furthermore, by the 
form of there exists a binomial /,- 2 G <7 with a monomial that divides t\ti, k . 
In a similar way as in the last argument, we obtain that there exists a cycle 
C 3 such that f j2 = t C3 where C 3 = (t k ,L k ,t x ) or C 3 = (t k -i, L k -i, L k , h). 

So, fjx,fj 2 g {t k — t k _iti k _ 1 ,t k — titL k ,t k _ 1 ti k _ 1 —titi k }- if . . . , /fc-i} n 

{fjufa} ¥= trien /n = /fc-i or /ja = /fc-i and in this case / /, 2 . Therefore 
k < \{fi, ■ ■ ■ , fk-u fh, fj 2 }\- 

By the form of g k - 2 there exists a binomial /j 3 with a monomial that divides 
*fc-i*L fc _ 2 - Thus, there exists a cycle C4 such that the monomials of tc 4 = t aj 3 — 
divide the monomials of fj 3 . We can suppose that t a n\t k _iti k _ 2 . Since 
t a i3 ^ 1 and tLk-i does not divide t a te then V(L k _ 2 ) C K(C4). Furthermore, 
since tx, fc and t k do not divide i a « then i^-l G E(C±). Hence, if ifc_ 2 G E(C^) 
then C 4 = (t k - 2 ,L k - 2 ,t k -x) and ic 4 = t k -it Lk _ 2 - i fc _ 2 . In the other case, 

if t fc _ 2 i E(C 4 ) then i C4 = t k -it Lk _ 2 - r*s . Thus, t a n = t k ^ x th k ^ 2 and by 
Proposition l2.5l we have that /,- 3 = tc 4 . Furthermore, if ifc_ 2 ^ E{C£) then < 
|{/i, . . . , /fc-i, /j 2 , /j 3 }| and Pj- is not a binomial complete intersection. So, 
we can assume that t k _ 2 G E{C^) and fj 3 = t k _\ti Jk _ 2 — t k _ 2 . Moreover, if 
fjs -fk-2 then k + 1 < |{/i, • • • , //c-1, /ji, /j 2 > /j 3 }| and P r is not a binomial 
complete intersection. Hence, we can assume —f k - 2 = fj 3 = t k ^\t^ k _ 2 — t k _ 2 and 
it is the unique binomial in Q which has a monomial that divides either t k ^ 2 or 
tk-\tL k _ 2 - Then, 

tk-2 - *fc-3*L fc _ 3 = ]Ci=l 9ifi = 9k-2(tk-ltL k _ 2 ~ tk-2) + 9ifi 

= ( _1 + 9 k - 2 )(tk-ltL k _ 2 - tk-2) + Yui^k-2 Sifi- 

Where deg(<7^,_ 2 ) > or g' k _ 2 = 0. Using the last equation we obtain 

tk-\tL k _ 2 - t k stL k _ 3 = 9 k - 2 (tk-ltL k _ 2 - t k - 2 ) + Qifi. 

i^k-2 

So, there exists a fi with i ^ k — 2 where one of its monomials divides t k _ L tL k _ 2 - 
But it is not possible. 
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Second subcase, if k = 3 we take T = Tq with the acyclic orientation O given 
into Figure [2j 

91 = h — Mli 

92 = H — hti 2 

93 = titi 4 — £2*1,3 

94 = *Li*L 3 - tL 2 t L i 

Li 

Figure 2: Acyclic orientation of the partial wheel T with k = 3, and the equations 
of its chordless cycles 

We have that ht(P-7-) = 3. Let Q = {/i, . . . , / s } be a minimum binomial set of 
generators of P T . For m € A = {t3,tit Ll ,t2tL 2 ,tit L4 ,t 2 t L3 ,t Ll t L3 ,t L2 t Li } there 
exists a binomial / G Q such that / has a monomial t a and t a \m. By Theorem 
12.21 there exists a cycle C such that tc = t a — t 13 and t a \t a . But there are no 
cycles whose binomials have either or tj as a monomial, for % = 1,... ,4 and 
j = 1,2. Hence, t Q = t a = m and by Proposition 12.51 tr- = /. Then, for every 
m £ A there exists / € Q such that m is a monomial of /. But \A\/2 < \Q\ and 
\A\ = 7 then 4 < |^|. Therefore Pj- is not a binomial complete intersection. 

Case (b-1). If T is a prism, we take T = Tip with the acyclic orientation O 
given into Figure O 

Li 

9i=ti — t^te 
92=t3~ ht 2 

93 = h - ti 3 t 5 t L2 

94 = t\te — tL^Ls 

95 = titL 2 — fatLi 



Figure 3: Acyclic orientation of the prism T, and the equations of its cycles 
without chords 

We have that ht(-P-7-) = 4. Let Q = {fx, . . . , f s } be a minimum binomial set of 
generators of P-y. We take A = {tstQ,tit2,t2tL- L ,t L3 t5t L2 ,txt§,t Ll t L3 ,U,t$}. By 
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the same argument as for partial wheels with k = 3, we have that for every m G A 
there exists / G Q and a cycle C of D such that m is a monomial of / and / = tc- 
Let fj 1 , fj 2 , fj 3 be binomials of Q that have as a monomial £3, ^2 and tL 3 t^tL 2 -, 
respectively. Hence, if = i^i , fj 2 = ^c 2 an d fj 3 = tc 3 then, 



Thus, if B = {fj 1 ,fj 2 ifj 3 } then \B\ > 2. Since if fj 1 = fj 3 then C2 = C3 = 
(ii, L>2, t$, L3) and /j-j 7^ /y 2 . Furthermore for every monomial in A' = A \ 
{^3,^1*2 1^3*5^2} there exists a binomial in Q\B. But |£7 \ B\ > \A'\/2 and 
I A' I = 5 then \Q \ B\ > 3 and \Q\ > 5. Therefore Pj- is not a binomial complete 
intersection. 

Case (b-2). If T is a pyramid, we take T = To with the acyclic orientation 
O given into Figure HI 



Figure 4: Acyclic orientation of the pyramid T, and the equations of its cycles 
without chords 

This case is similar to the case when T is a partial wheel with k = 3, only change 
ti by the path L<i- Therefore Pj- is not a binomial complete intersection. 

Case (b-3) If T is a theta, we take 7" = To with the acyclic orientation O given 
into Figure 



Figure 5: Acyclic orientation of the theta T, and the equations of its cycles 
without chords 



Ci, 62,63 G {(£3,^1, £2), (^1,^2,^2,^5,-^3), (*3> -£-3 5*5,-^2) }• 




.91 

.92 

9i 



*3 — M2 




91 = tL^Li - tL 2 tL 3 

92 = tL 3 tL 6 - tL 4 tL 5 

93 = tL^Le - tL 2 tL 5 
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We have that ht(i-y) = 2. Let Q = {fi, ■ ■ ■ , f s } be a minimum binomial set 
of generators of Pf- We take A = {tL 1 tL A ^L 2 t L- i ,tL i th 6 ,tL li tL h ,tL x tL (i ,tL 2 tL^\- 
By the same argument as for partial wheels with k = 3, we have that for every 
m € A there exists / € Q and a cycle C of D such that m is a monomial of / 
and / = tc- Hence, \Q\ > \A\/2 but \A\ = 6 then \Q\ > 3. Therefore Pf is not a 
binomial complete intersection. □ 

Theorem 5.10 Let G be a graph. G is a CIO graph if and only if G is a theta- 
ring graph. 

Proof. =>) If G is not a theta-ring graph then, by Theorem 14.211 G has an 
induced subgraph H that is a prism, pyramid, theta or 9— partial wheel. Thus, 
by Proposition 15.91 H is not a CIO graph. Hence, by Corollary 13.101 G is not a 
CIO graph which is a contradiction. Therefore G is a theta-ring graph. 
<=) By Theorem 14.211 G can be constructed by 0, 1, 2— clique-sums of chordal 
graphs and/or cycles. By Proposition 15.61 chordal graphs and cycles are CIO 
graphs. Therefore by Proposition 13.91 Proposition 13. Ill and Proposition 15.81 G is 
a CIO graph. □ 

Definition 5.11 /|J/ A graph G is a ring graph if each block of G which is not a 
bridge or a vertex can be constructed successively by 2— clique-sums of cycles. 

Corollary 5.12 [6] If G is a ring graph, then G is a CIO graph. The converse 
holds if G is bipartite. 

Proof. First we observe that ring graphs can be obtained by 0, 1, 2— clique-sums 
of vertices, edges and cycles. Hence, by Theorem 14.211 G is a theta-ring graph 
and by Theorem 15.101 G is a CIO graph. 

Now, if G is bipartite and G is a CIO graph, then by Theorem 14.211 and Theo- 
rem [5710], G can be constructed by 0, 1, 2— clique-sums of chordal graphs and/or 
cycles. Since G is bipartite, if H is a chordal induced subgraph of G, then H 
is a forest. Hence, G can be constructed by 0, 1, 2— clique-sums of cycles and/or 
edges. Therefore, G is a ring graph. □ 
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